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Abstract 
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1 Introduction 



D-branes have been playing an important role in understanding nonperturbative aspects of 
string theory. In previous works [1] [2] , we studied how to describe D-branes in closed string 
field theory. The closed string field theory that we consider is the OSp invariant string 
field theory for bosonic strings [3]. (See also [1][5][6][7].) We constructed the states with an 
arbitrary number of coincident D-branes and ghost D-branes |8j in this closed string field 
theory. We can calculate disk amplitudes using these states, and the results coincide with 
those of first quantized string theory [2j. 

In this paper, we extend our construction into the case where the D-branes are located at 
different points from each other in the space-time. Using such a state with two D-branes, we 
evaluate annulus amplitudes. We show that they coincide with the usual annulus amplitudes 
including the normalizations. This fact yields another evidence for our construction. 

The organization of this paper is as follows. In section [2], we generalize our previous 
construction [2] to propose the states for N parallel Dp-branes that are located at different 
points from each other. We show that these states are BRST invariant in the leading order 
in the regularization parameter e. In section 121 we compute annulus amplitudes and show 
that the results in first quantized string theory are reproduced. Section H] is devoted to 
conclusions. In appendix [Aj we present details of the calculation. 



2 States with Parallel D-branes at Different Points 



The BRST invariant state corresponding to one fiat D]9-brane sitting at X* = {i 
j9 + 1, . . . , 25) is constructed in [2jp as 



where 



\D4Y))) = xQ dCOniCY)^ m 



A dr 
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^In this paper, the notations for the OSp invariant string field theory are the same as those used in [2], 
unless otherwise stated. 
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Here \Bq(Y)) = e *^'^'|i?o) denotes the boundary state for the Dp-brane located at X* = 
and \Bo) = |i?o(0)) is given in As in [2j, we introduce the state 

\Bo{Y)f = e-^^'''+'''^^^\Bo{Y)) , (2.3) 

and use |-Bo(^))'' with < e ^ 1 as a regularized version of |-Bo(^))- / d(OD can be 
considered as an operator which creates the D-brane by acting on the second quantized 
vacuum |0)). With string field \ip) exponentiated, this operator has the effect of inserting 
boundaries in the worldsheet. 

We would like to show that the states corresponding to N such Dp-branes located at 
X* = Y^j^ (/ = 1, . . . , X) can be given simply as 

\Dnv, = A;v+ n dCiOo (0, ni))^ |0)) , (2.4) 

if {Y^js^ — ^(j))^ 7^ for / 7^ J. In contrast to the case of coincident D-branes studied in 
[2], we just have to consider the product of / dC^Or,. Indeed, we can show that as long as 
iXli) — 7^ for J 7^ J, the states (12.41) are BRST invariant in the leading order in the 

regularization parameter e. The proof goes exactly as in [2]. One crucial difference from the 
coincident case is that in the limit of T = e — the string vertex 

(Vi(3);F,r;T| = j d'ld'2 {V^{l,2,?>)\B,{Y))l\B,{Y'))l (2-5) 

is suppressed by e with Ay* = — Y'\ compared with (14(3); T| evaluated in [2]. 
Because of this suppression, the interaction between On aX different points can be ignored 
in the leading order in e and the states (12. 4p become BRST invariant. 

The details of the calculation of (Vi(3); F, F'; T| are presented in appendix [XI The 
suppression stated above is intuitively obvious, because the D-branes sit at different points. 
The suppression factor originates from the factor e"'^'^', where Sc\ is the classical action given 
in eq. OA.lip on the worldsheet depicted in Fig. [3] in appendix |X1 Indeed, using the results 
in [in] 0, we find that in the T = e ^ limit 



In addition to the BRST invariance mentioned above, it is easy to see that using the 
states (12.41) one can calculate the disk amplitudes in the same way as in ^ and obtain 
those for the parallel D-branes. Thus we may regard the states (12. 4p as the ones where such 
D-branes exist. We can also generalize the states (12.41) to include ghost D-branes [8], as is 
carried out in [2j. 
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3 Annulus Amplitudes Derived from D-brane States 



3.1 Amplitudes with one closed string external line 

Using the states with D-branes constructed in the last section, we would like to calculate 
scattering amplitudes involving the strings whose worldsheets have boundaries attached to 
D-branes contained in these states. In this paper, we evaluate annulus amplitudes. Let us 
first consider the annulus amplitudes with one closed string external line as described in 
Fig. [1] (a), in the situation where the annulus is suspended between two parallel Dp-branes 
located at X* = and F'*. The S-matrix element for this process can be obtained from the 




r Y'' 

(a) (b) 



Figure 1: (a) The annulus diagram with one closed string external state 0. (b) The u 
coordinate on the worldsheet of the string diagram in (a). At u = iirfg, the vertex operator 
corresponding to the state is inserted. 

following correlation function involving these two Dp-branes: 

where t > 0. 0^{t, k) is the observable corresponding to the external state defined |1T| as 

0^{t,k) = j dr-^,,(c7,c(0| ®x (primary^; fc|)|<l>(t)), , (3.2) 

where [primary^; k)x is a normalized Virasoro primary state with momentum fc, correspond- 
ing to a particle with mass M. In the correlation function (13.11) we should evaluate the contri- 
bution G^£)£)i{k) from the annulus diagram suspended between the two Dp-branes contained 
in I-D2+; Y, Y')). This is an order 0{g) term in the correlation function (13. ip . 
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Perturbatively, for the (i (/ = 1,2) integrations in eq. fl2.4p the saddle point method 
becomes a good approximation [1] [2] and yields 



D2+;F,r')) ~ A'exp 



oo "fi 



exp 



^„ 



oo 



|0)), 
(3.3) 

where A' = —^\2+- Using these, we obtain 



G,nD'{k) = -^\A^ r ^ fdAv^ii^M 

Jo «1 Jo "2 J-oo "3 Jo 3 

x|i?o(r))f|i?o(r))^e'^(^«''+^°''-')(|primary^;fc)x® |0)c,c)g , (3-4) 

where T corresponds to the proper time of the three-string interaction vertex. We have 
performed the Wick rotation so as to make the proper time Euclidean. Using eqs. flA.2p and 
(lA.4p . the right hand side of eq. fl3.4p can be rewritten as 

G^DD'ik) = -gA' da £ da, dT j ^^^idTif^dnf^ /Ci(3; Y, Y'; T) 

x{2iiY^H^^^\p,){Vl^^^{^)-YX-,T\e-'^^^^^ ® |0)c,c) ,(3.5) 



where a = —as, /Ci(3; Y, Y'; T) is a factor given in eq. (1A.12P and 5^^{pz) denotes the delta 
function of the momentum in the directions along the Dp-branes. In the following, we would 
like to rewrite the right hand side of eq. (13. 5p into a form which can be compared with the 
usual annulus amplitude. 

LPP vertex (V^°Lpp(3); F, F'; T| 

(y^-^^-p{?))]Y,Y']T\ can be expressed as a direct product of a state in the C^C Fock space 
and one in the X Fock space, namely 

c,c(^i°LPp(3);r,r;T| ®x(l^i°LPp(3);r,F';T| . (3.6) 
Since c',c(Wlpp(3); Y'] T\ has the form 

^ -^^0 (^3^ Y Y'' T\ — ~ (0|e~" (^^'^^^ quadratic or linear in oscillators) 

the contribution from the C,C sector to G^DD'{k) in eq. (l3.5p becomes 

I .ci4^^c^4%,c(V^iVp(3);F,y';T|0)c,ce-^^-o"*"^ = f • (3.8) 



From the definition of tlie LPP vertex ^12], one can see that the overlap 

/ |^(27r)^+iC'(P3)x(l^iVp(3); ^Iprimary,; k)x,, (3.9) 

is written in terms of a correlation function on the annulus. In order to express the correlation 
function using the boundary states, it is convenient to use the worldsheet coordinate i) 
depicted in Fig. [1] (b), which is related to the coordinate v in Fig. [3] (b) by 

v = ^v. (3.10) 

—IT 

In this coordinate, the annulus diagram in Fig. [1] (a) is described as a cylinder of circumfer- 
ence 27r. The length of the cylinder is —mr and the vertex operator corresponding to the 
external state is inserted at 

V = V3 = inrg , (3.11) 

—IT 

where 

f = -- , g = -2V3 = — . (3.12) 
T !_. a 

The overlap ()3.9p can be written as a correlation functioiu on the cylinder with the coordinate 
9 as follows: 



(27r)^+iC'(P3)x(V;Vp(3); Y, Y'; T|primary^; k)x,3 



(27r)26 



(i-KTg) 



dv 

Xx(5o(r)|e'"M^f^+^f^^2) r^e'"^('-^K ^0^+^(5^-2) . (3.13) 

Here and are the zero-modes of the Virasoro generators and \Bq{Y))x is the boundary 
state in the X sector given in [2]. denotes the vertex operator of weight (|(A;^ + + 
2), |(A;2 + M2 + 2)) corresponding to the state [primary^; k)x- N{t) is a normalization factor 
independent of 0, which can be fixed by considering the case = 1, and we obtain 

00 

N{f) = viff^ e2-™)%^^'(27r)26-(f+i)(-zf )i3-^ . (3.14) 

n=l 

By using eqs.f l3.10]) . flA.3l) and flA.6p . we also obtain 



dws ^ -IT dw3 

— ylT^TQ) 



du 2n du 



= -^r ^ fi^ . 3.15 

.=V3 ^i(2V^3|r) ^ ' 



2ln the expression x{BQ{Y')\e"^^^^» +"^^ ~'^) V^e^'^^^^-^^^^^ -'^)\Bn{Y))x, the integrations over the 
zero modes p are included in the definition of the inner product, as is usual in CFT. 
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Integration measure 



In eg. (13.51) . we should change the integration variables (q;i,T) to (f?, r). For a fixed a, 
eq. fl3.12l) implies that 

dT dT 1 



dai = adg 
We find that dT/dr becomes 



dT = ^df = —^df . 
OT or 



dT 
97 



(3.16) 



(3.17) 



where c/ is given in eg. ( 1A.13]) . This can be derived from eqs.( ]A.6l) . ( 1A.7I) and ( 1A.13I) as 
follows: 



dT 



dp _ duj d ^9i(z/ + Vair) 



d , M^ + V3\t) 
a— In 



dr ^i{i^-V3\t) 



-—a 



dlM^Y + V3\r) dlAii^T-y^ 



Here we have used the fact that the theta function ■(9i(z/|r) satisfies the heat equation, 



(3.18) 



dr 

S-matrix element 

Collecting all these results, we can obtain 

"OO 



d i d^ 



4:71 dv"^ 



(3.19) 



dg 



ro(a,e) 



dr T 



?9i(^r|r) 



X 



n=l 



where ro(a, g) is the value of f(= f(T, a, g)) when T = t: fo{a, g) = f{t, a, g). 

In order to obtain the S-matrix element SipoD' for the process we are considering, we 
need look for the singular behavior of Gif,DD'{k) near the mass-shell of the external state, 
namely k"^ + ~ 0. As explained in [11], such singularity comes from the region a ~ in 
the integration over a, and we find 

G.oD'ik) ~ -An'gA'^^^^J^dgJ^ rff f J] (l - e^™^)^ 

Xx{Bo{Y')\e'''^^^^o+L^-2)V^e'''^^^-''^^^o+L^-2)\Bo{Y))x ■ (3.21) 
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Here we have used the relation 

hm fo(a, g) = ioo . (3.22) 

o— >0 

Thus we obtain the S-matrix element S^dd', 

pI pioo °^ 

S^DD'ik) = -AnHgA^ dg f TT (l - e^™^)^ 

Jo Jo 

Xx(5o(r)|e*"^^(^^+^E^~2)y^gi7rf{i-,){L^+L^-2)|^^^y)^^ ^ ^3^23) 

where the momentum kf^ (/t = 0, . . . , 25) of the vertex operator is subject to the on-shell 
condition: fc^ + = 0. Here we have performed the Wick rotation to make the space-time 
signature Lorentzian. 

In this form, it is obvious that S^dd' is proportional to the S-matrix element in first 
quantized string theory. The factor Y[^=i ~ g27rjnT^2 ^Qj^^^j^gg ^j^g ghost contribution 
to the partition function. As is described in Fig. [T] (b), the worldsheet of the process we 
are considering is a one-punctured cylinder. In eg. (13.231) . the S-matrix element S^dd' is 
expressed as an integral over the moduli space of the one-punctured cylinder with the correct 
integration measure fdfdg. We notice that in this integral the moduli space is covered 
completely and only once. 



3.2 Factorization of S-matrix element 

Let us check that the S-matrix element in eg. (13.231) has the correct normalization. This can 
be done by considering the S-matrix element S^dd' in the simplest case where corresponds 
to the tachyon: 

V^ = ze'^-^z. (3.24) 

Here § s denotes the normal ordering of the oscillators. We examine the behavior of S^nni 
at the poles from the tachyons of the closed strings exchanged between the two D-branes in 
Fig. [T] (a). This corresponds to the scattering process sketched in Fig. [2J In order to obtain 
the singular behaviour, we perform the Fourier transformation of the S-matrix element S^dd' 
with respect to and F'*, and then put the conjugate momenta ki and ^2 close to the mass- 
shell of the tachyon. In the region where kf ^ 2 and /c| ~ 2, S^dd' becomes 

S4,DD' ^ j ^2^^ j ^^:^j^'S'rD(-fci; ^)p-^5'TrT(^, ^1, ^2)p-^5'rD(-^2; ^') 7 (3.25) 
where 

STTT{k,ki,k2) = iAg{27:Y''6^\k + k^ + k2) , 

STD{ki;Y) = zA{27Ty+%-'\k,)e^'^-^\ (3.26) 
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Y" 



Figure 2: The scattering process near the poles from the tachyons of the closed strings 
exchanged between the two D-branes in Fig. [1] (a). The three solid lines connecting with 
each other indicate tachyon propagations. 

In this equation, SxTTik, ki, ^2) is the tree amplitude for three closed string tachyons with 
momenta k, ki and k2, and S'td(^i; Y) is the coupling of the Dp-brane located at X* = to a 
closed string tachyon with momentum kiU Eq.f l3.25l) . therefore, implies that the factorization 
occurs in the right way in S^dd' and thus S^dd' has the correct normalization. 



3.3 More general amplitudes 

It is easy to generalize the calculation above and consider more general annulus amplitudes. 
For example, let us consider the amplitudes with the annulus ending on the same D-brane. 
In this case the computations are the same as those in the case of two D-branes, except that 
this time the S-matrix elements are deduced from the contributions of the term quadratic 
in the boundary state contained only in a single Od- Therefore the normalizations of the 
S-matrix elements become half of those in the case of two D-branes. Thus we obtain the 
correct normalizations. 

We can also calculate the annulus amplitudes with any number of closed string insertions. 
We can compute such amplitudes by using the fact that the three-string interaction vertex 
overlapped by an external state reduces to the vertex operator for the state, when the external 
state is close to the mass-shell |2j. Therefore the computation comes down to the one we 
have done above. It is easy to check that the resulting S-matrix elements are expressed 
as an integral over the moduli space with the appropriate measure and have the correct 

^ In [2], we showed that Std can be reproduced by the states (12. ip with one D-brane. 
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normalizations. 

4 Conclusions 

In this paper, we construct states corresponding to parallel Dp-branes located separately 
from each other. We show that these states are BRST invariant in the leading order in 
e. Using these states, we can calculate annulus amplitudes. We show that usual annulus 
amplitudes are reproduced. The analyses in this paper provide another evidence for our 
construction of the D-brane states in the OSp invariant closed string field theory. 
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A Details of Calculation of {Vi{?>)] Y, Y'\ T\ 

In this appendix, we present details of the calculation of the string vertex (12.51) . 
The vertex (12.51) is expressed as 

(Vi(3); y, y- T\ = (V°(3); Y, Y'; T\C{pi)V, , (A.l) 

where 

(V°(3);y,r;T| = / rf'l rf'2 5(1, 2, 3)MllMl^^,3(0|eW,3)|5^(y))T|5^^y.)^T _ ^^.2) 
J aia^a-i 

As carried out in [2], we introduce the complex coordinate p on the worldsheet for the string 
diagram corresponding to the vertex ( 1A.2I) depicted in Fig. [3] (a), pi in eq.l lA.ll) denotes the 
interaction point on the p-plane. The external closed string corresponds to the string 3. The 
region of the worldsheet corresponding to the propagation of this string is \wz\ < 1, where 

p = as Inu^s T . (A.3) 
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Figure 3: (a) The worldsheet for the string diagram corresponding to the vertex flA.2p . The 
coordinate p (Rep > 0, — vra < Imp < 7ca) is introduced on this worldsheet. (b) The 
rectangle on the z/-plane related to the worldsheet in (a) by the Mandelstam mapping flA.6p . 



The vertex (Vi°(3); Y,Y';T\ takes the form 

(r°(3);r,F';T| = 25(«i + ^2 + «3)(27rr+iC'(P3) 

x}C,i3;Y,Y';T){V,%ppi3y,Y,Y';T\ , (A.4) 

where /Ci(3; Y, Y'; T) is the partition function of the CFT on the p-plane endowed with the 
metric ds"^ = dpdp p]. (V;°Lpp(3); Y, Y'; T\ is the LPP vertex [T2] of the form 

{V,lM3y,Y,Y';T\ = ,{0\e^^'K (A.5) 
where £'(3) consists of terms linear or quadratic in at^^^^ and a^^^^ {n > 0). 

Mandelstam mapping 

In order to evaluate the string vertex (12.51) . we use the Mandelstam mapping introduced in 
12], 

- V^\t) 

where a = ai + 0^2 = — ^3, = ^nd {}i{v\t) is a Jacobi theta function. This is 
the mapping between the p-plane and the rectangle on the complex z/-plane defined by 
-| < Rez/ < and -f < Imz/ < f (Fig. [3] (b)). Here r = ira (r2 G M, ra > 0) is the 
modulus of the annulus and the identification v = v + t should be made. The interaction 
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points Vj on the i/-plane and the modulus T on the p-plane satisfy 

^(z/f ) = , T = Rep{vY) = p{ui) + 2maV^ . (A.7) 

Partition function /Ci(3; F, F'; T) 

From the Mandelstam mapping ( ]A.6p . one can find that the boundary conditions imposed 
on the worldsheet variables i^) (z = p + 1, . . . , 25) on the i/-plane are 

X\v,v)\^^^_,_=Y\ X\v,v)\^^^^^ = Y'\ X\v + T,v + f)=X\v,v) , (A.8) 



and the other worldsheet variables X^^{u, u) (/i = 26, 1, . . . C(z/, u) and C{u, z/) obey the 
same boundary conditions as those in the case considered in [2]. Therefore, the classical 
configurations X^ (z/, v) for the worldsheet variables around which the quantum fluctuations 
X^(z/, v) should be considered are 

Xi,{u, v) = + u)AY' , X^,{u, z7) = , C,i{iy, u) = C,x{u, z>) = . (A.9) 

Dividing X^{v, v) as X^{v, v) = X^ (z/, z/) + X^(z/, z/), we compute the annulus partition 
function Z{t, AY) on the z/-plane (other than the effects of the puncture z/ = V3 and the 
interaction points u = uf). We find that 

Z(r, AY) = J [dX] e-^I^l = e-^^'Z(r) , (A.IO) 

where S[X] is the worldsheet action and denotes its classical value given by 

1 r° 

S[X] = ^ I d{Reiy) / d{lmu) d.X^'d.X'^mM , 



2 



S-ei = S[X,,] = -t—{AYy , (A.ll) 

and Z{t) is the contribution of the fluctuations to the partition function. One can find 
that Z{t) equals to the partition function in the case where Y^ = Y'^ = 0. Combined with 
eq. flA.lOp . this implies that 



2T 



(27r)P+i 



/Ci(3; Y, Y'; T) = e"^^'/Ci(3; T) = e~^-' \ , (A.12) 

^ ^ ^ ^ (27r)23 (_,r)^r/(r)i8a2c,^^(21/3|^)2 ^ ^ 

where /Ci(3; T) = /Ci(3; 0, 0; T) is evaluated in [2] and cj is 
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LPP vertex (1/0lpp(3); y, F'; T| 

The LPP vertex (V^i|lpp(3); Y'] T\ introduced in eg. flA.SP can be determined by the equa- 
tions 

- Z{r,AY) =Z(r,Ar)y f^^J^ ''^^ ' - X,, K ^^3) , 

(X^(z.3, i^3)X*^(z.^, z7^)) _ 1 J ^^^^ ^^^^^^ u,)X'\u',, u',) e-^[^l 



= X^,{v,, v,)X^hvi u',) + GZlA^s, v',, v',) , (A.14) 

where z/3 and u'^ are the points on the i/-plane corresponding to the points 1^3 and ifg 
(|w3|,|i(73| < 1), and G^^^^^^ {h',h';h'',h'') are the two-point functions of X^(z/, z/) given in 
p] in the case of Y' = Y'^ = 0. This yields 

(V;V(3); Y, r- T\ = (r,V(3); T|e^S-(^".-"'+^".-"^) , (A.15) 

where {V^i^pp{3);T\ = (y°Lpp(3); 0, 0; T| is the LPP vertex computed in [2], and the Neu- 
mann coefficients iV^j and N^^ are 

iv,t. = (<.)• = ^£|-W''))-"9^^c,M = -^£|^(-3M)-" for.>l, 

K'.i + K, = Xi(l'3.l'3) = -2l'3y'+(H-2V3)F". (A.16) 
Collecting all the results obtained in the above, we have 

(\/°(3); y, F'; T| = e-^-(y°(3); T|e^^^-o(^„^«n<^^+<^."n'^') , (A.17) 
where (VfiS); T\ = (Vi°(3); 0, 0; T\ is evaluated in [2]. 

Ghost field insertion 

Finally, we consider the effect of the insertion of the ghost field in the vertex {V^{3); Y, Y'; T\ 
to obtain {Vi{3);Y,Y']T\. This is the same as that obtained in p]. Eventually, we obtain 



{V,i3);Y,Y';T\ 

a ~ (3) ^, E^Lo 

n=0 
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Limit of T = e ^ 

In the T = e —>■ limit, N^^ and N^^ for n > 1 become 

Ayi p-"'^ 

and tlius finite. Combined with eg. (12.61) . this yields the suppression stated in section [2l and 
one can deduce that the states (12. 4p are BRST invariant in the leading order in e. 

In this limit, eg. flA.lSp becomes the idempotency eguation [T3] in the OSp invariant 

9 25-p 

string field theory |2j. By taking the limit e ~ (^lir^) ^ 5^^~^(AF) first in eg. 02.61) . 
one can find that eg. (lA.lSp turns out to take a form similar to that given in ^Hj . 
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